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STABILITY OF SYSTEMS WITH DELAY 

S. N. Shimanov 

ABSTRACT 

The a r t i c l e  surveys work d e a l i n g  w i t h  t h e  s t a b i l i t y  
of motion of systems descr ibed by d i f f e r e n t i a l  equat ions  
w i t h  an a f t e r e f f e c t  o r  t i m e  de lay .  The methods of inves-  
t i g a t i n g  systems w i t h  an a f t e r e f f e c t  ( t h e  method of 
Lyapunov func t ions ,  t h e  un ive r sa l  method of Lyapunov 
f u n c t i o n a l s )  a r e  descr ibed ,  and an  o v e r a l l  approach t o  
t h e  problem i s  ou t l ined .  A study i s  made of t h e  theory 
of l i n e a r  d i f f e r e n t i a l  equat ions w i t h  a n  a f t e r e f f e c t .  
Ce r t a in  new r e s u l t s  of genera l  n a t u r e  concerning t h e  
theory of l i n e a r  p e r i o d i c  sys t ems  wi th  an  a f t e r e f f e c t  are  
c i t e d .  F i r s t -approximat ion  s t a b i l i t y  i s  d iscussed ,  and a 
s tudy i s  made of t h e  s t a b i l i t y  of systems wi th  a n  a f t e r -  
e f f e c t  i n  c r i t i c a l  cases .  

/ 170* Th i s  r e p o r t  i s  devoted t o  a survey of works on t h e  s t a b i l i t y  of - 
motion i n  systems descr ibed  by d i f f e r e n t i a l  equa t ions  wi th  an  a f t e r e f f e c t  o r  
t i m e  de l ay .  We s h a l l  g ive  our  a t t e n t i o n  p r imar i ly  t o  those  works con ta in ing  
some g e n e r a l i z a t i o n  of t h e  classical  ideas  i n  Lyapunov's s t a b i l i t y  theory  f o r  
systems desc r ibed  by ord inary  d i f f e r e n t i a l  equat ions  ( r e f s .  1, 2 ,  3 and 4 ) .  I n  
t h i s  c lass  are t h e  method of i n v e s t i g a t i o n  us ing  f u n c t i o n a l s ,  t h e  gene ra l  ap-  
proach t o  examination of equat ions  wi th  de l ay  i n  f u n c t i o n a l  space,  s t a b i l i t y  
w i t h  r e s p e c t  t o  t h e  f i r s t  approximation, the theory  of c r i t i ca l  cases, and t h e  
theory  of s t a b i l i t y  of l i n e a r  and nonl inear  p e r i o d i c  systems. The r e fe rences  i n  
t h i s  r e p o r t  a r e  b a s i c a l l y  publ ished works by Soviet  and f o r e i g n  au tho r s ,  as  w e l l  
a s  some new d a t a o f a g e n e r a l  n a t u r e  p e r t a i n i n g  t o  t h e  theory  of s t a b i l i t y  of per-  
i o d i c  systems. 

It should be noted t h a t  i n t e r e s t  i n  development of t h e  theory of systems 
w i t h  d e l a y ,  and p a r t i c u l a r l y  i n  t h e  theory of s t a b i l i t y  of systems wi th  de l ay ,  
i s  due n o t  only t o  an e f f o r t  t o  extend Lyapunov's methods t o  more and more 
g e n e r a l  r e s e a r c h  t o p i c s ,  bu t  i s  a l s o  the r e s u l t  of p r a c t i c a l  problems. A s  i s  

"Numbers g iven  i n  margin i n d i c a t e  pagina t ion  i n  o r i g i n a l  f o r e i g n  text .  
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generally known, there are elements with time delay in automatic control sys- 
tems. Delay may take place in the controlled element, the controlling unit or 
in feedback. Delay takes place in servosystems when there is a remote comu- 
nication line. Finally, differential equations with delay are a convenient 
tool in mechanical and electrical systems with distributed elements or with 
elements which have a large number of degrees of freedom. Differential equa- 
tions with an aftereffect have recently found application in control theory 
where an uncontrolled system of ordinary differential equations becomes a con- 
trolled system if it is capable of accumulating information over a certain time 
interval. The motion of this type of system is described by a system with 
aftereffect. 

Thus development of the theory of systems with delay, and in particular of 
the theory of stability, is dictated by practical problems. 

1. Methods of Investigation. A General Approach to the Problem 

Let us consider a general system of differential equations with aftereffect 
of the form 

- -  

where the integrals are Stieltjes integrals (ref. 4 ,  p. 159), qij (9) 
are functions of limited variation, Xi (xl (a), ..., Xn (8)) are nonlinear func- 
tionals which are defined on piecewise continuous functions 

/171 

xi (8) of the 
argument 9 which varies over the range T S 9 S 0 and are nonlinear perturbations 

_- 'me motion x = 0 we shall call undisturbed motion of system (1.1). Defi- 
nitions of stability, asymptotic stability, and instability of the undisturbed 
motion are given in the usual manner using the norm 11 x (9) 117. 

As is generally known, Lyapunov's second method (or the method of Lyapunov 
functions) is the fundamental method for solving problems in stability. The 
first steps toward transferring this method to systems with delay were not very 
productive (ref. 5). 
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A more e f f e c t i v e  method w a s  t h e  method of Lyapunov func t ions  i n  which t h e  
d e r i v a t i v e  f u n c t i o n a l  must g ive  a d e f i n i t e  n e g a t i v i t y  on a narrower set of 
curves  which s a t i s f y  some a d d i t i o n a l  conditon ( r e f s .  6 and 7 ) .  A b a s i c  d isad-  
vantage i n  apply ing  Lyapunov func t ions  t o  s tudying  t h e  s t a b i l i t y  of systems 
wi th  de lay  i s  t h e i r  nonun ive r sa l i t y ,  the  i r r e v e r s i b i l i t y  of theorems on s ta-  
b i l i t y  and asymptot ic  s t a b i l i t y .  

The c h a r a c t e r i s t i c s  of equat ions  with t i m e  de lay  o r  more gene ra l  d i f f e r e n -  
t i a l  equat ions  wi th  a f t e r e f f e c t  were f i r s t  t aken  i n t o  account by r e p l a c i n g  
Lyapunov func t ions  w i t h  Lyapunov f u n c t i o n a l s  def ined  i n  some f u n c t i o n a l  space,  
e .g . ,  C ( t h e  space of continuous func t ions ) .  I n  t h i s  regard ,  t h e  theorems of 
Lyapunov's second method were found t o  be a un ive r sa l  means of i n v e s t i g a t i o n  i n  
examining s o l u t i o n s  i n  a f u n c t i o n a l  space of cont inuous func t ions ,  s i n c e  they 
a re  r e v e r s i b l e  ( r e f .  4 ) .  

The u n i v e r s a l  method of Lyapunov " func t iona ls"  made i t  p o s s i b l e  t o  d e r i v e  
a number of extremely important  t h e o r e t i c a l  r e s u l t s  on s t a b i l i t y  of systems 
w i t h  a f t e r e f f e c t  ( r e f .  4 ) .  D i f f e r e n t i a l  equat ions  w i t h  t i m e  de lay  (with a f t e r -  
e f f e c t )  a re  f u n c t i o n a l  equat ions  s i n c e  they determine d e r i v a t i v e s  of unknown 
q u a n t i t i e s  wi th  r e spec t  t o  t i m e  x (t)  a t  a moment of t i m e  t as a func t ion  not  
only of these q u a n t i t i e s  computed f o r  the moment t ,  but  a l s o  of t h e s e  q u a n t i t i e s  
computed t o  t h e  moment of t i m e  t -7  f o r  preceding moments t on t h e  de lay  range 
[ t - T , t ]  ( d e r i v a t i v e s  w i t h  r e spec t  t o  t i m e  of t h e  q u a n t i t i e s  xs ( t)  a re  func- 

t i o n a l s  on t h e  range 

n a t u r a l  t o  take  t h e  range of t h e  i n t e g r a l  t r a j e c t o r y  of t h e  system w i t h  de lay  
as an  element of t h e  s o l u t i o n ,  and t o  consider  t he  s o l u t i o n  i t s e l f  i n  t h e  space 
of cont inuous f u n c t i o n s  C [-7 01, X i  (a), i = 1, ..., n ,  -7  5 9 5 0 w i t h  t h e  
norm IIx ( O ) I I ~  = sup ( 1  x1 (911, . . ., 1 xn (8) 1 ,  - 7  5 9 5 0 ) .  

S 

j '  

xs ( t  + $),-T 5 9 5 0 , 7 i s  t h e  de l ay ) .  Therefore  i t  i s  

This  approach t o  systems w i t h  delay w a s  proposed i n  r e fe rences  4 and 8. 

Thus we s h a l l  t ake  as an element of s o l u t i o n  f o r  t h e  system (1.1) not  t h e  
v e c t o r - f u n c t i o n  of t i m e  x (xo ($), to, t ) ,  but  t he  vector-segment of t h e  t ra-  

j e c t o r y  x (xo (a), to t + $), - 7  5 9 I, 0. /172 

r e s p e c t  t o  t i m e  t i s  c a l c u l a t e d  from x (xo ($1, to, t + $), t when 9 < 0 ,  then 

I f  t he  f i r s t  d e r i v a t i v e  w i t h  

w e  f i n d  

Therefore  t h e  s y s t e m  of equat ions  (1.1) i n  f u n c t i o n a l  space w i l l  have a 
cor responding  equ iva len t  s y s t e m  of "ordinary d i f f e r e n t i a l  equat ions"  w i t h  an  
o p e r a t i o n a l  r igh t -hand member ( r e f .  4 ,  p .  162; r e f .  8) 
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where \ 
' ^  

.. 

(1.3) 

The f a c t  t h a t  A i s  an  u n r e s t r i c t e d  l i n e a r  o p e r a t o r  does no t  i n t e r f e r e  wi th  the  
use  of system (1.2) as  a convenient working t o o l  f o r  study. The given approach 
t o  d i f f e r e n t i a l  equa t ions  wi th  a f t e r e f f e c t  (delay)  and t h e  method of func t ion -  
a l s  were e f f e c t i v e  means f o r  s tudying sys t ems  wi th  de l ay  r e s u l t i n g  i n  consider-  
a b l e  p rogres s  i n  t h e  theory of s t a b i l i t y  f o r  systems of t h i s  type ( r e f s .  4 and 
8) 

A s  a n  example of t h e  use of t h i s  approach, l e t  u s  cons ide r  i n  more d e t a i l  
some a d d i t i o n s  t o  t h e  theory of l i n e a r  s t a t i o n a r y  equa t ions  w i t h  a f t e r e f f e c t .  

2 .  On t h e  Theory of Linear D i f f e r e n t i a l  Equations wi th  A f t e r e f f e c t  

L e t  u s  cons ide r  a system of l i n e a r  d i f f e r e n t i a l  equa t ions  wi th  a f t e r e f f e c t  
of t h e  form 

where t h e  i n t e g r a l s  i n  t h e  r ight-hand member, as  i n  system (l.l),  a re  S t i e l t j e s  
i n t e g r a l s ,  Tsi (9) are  func t ions  wi th  l imi t ed  v a r i a t i o n .  

systems (2.1) i s  a system wi th  delay of t h e  form 

A p a r t i c u l a r  ca se  of 

_ _  ( - 7 j  = b The l a t t e r  i s  ob ta ined  from system (2.1) when 17 4 (0) = aSj, Jlsi s j ,  
< 9 < 0. Linear equat ions wi th  a f t e r e f f e c t  a r e - s t u d i e d  i n  d e t a i l  T s j  ($1 = 0, -7  

i n  r e f e r e n c e  9.  

For  system 
equa t ions"  w i t h  

(2 .  l) ,  t h e  equ iva len t  s y s t e m  of "ordinary d i f f e r e n t i a l  1173 
a n  o p e r a t i o n a l  r ight-hand member i s  

4 



where t h e  ope ra to r  A i s  given by formula ( 1 . 3 ) .  
has the  form Ax (9) = 

Operator  A f o r  system ( 2 . 2 )  
dxk (9)1d9 when -7 5 9 0, ax  (0) + bx ( -7 )  when 9 = 0 . 

I n  a d d i t i o n  t o  system ( 2 . 3 )  l e t  us  cons ide r  t h e  conjugate  system ( r e f s .  
10, 11 and 12) a L.. 1- 

, .L 1 '. e* (0) 
( 2 . 4 )  

-7 = - 4.!t (.e), 

\ yt (e) = y (f + 9) = {Yl (f + 81, 7 a 6 a 0); where 

The conjugate  ope ra to r  -A* f o r  system ( 2 . 2 )  i s  given by t h e  formula 

System ( 2 . 4 )  corresponds t o  a system of d i f f e r e n t i a l  equat ions  wi th  a l ead  i n  
t ime of t h e  form 

The spectrum of ope ra to r  A c o n s i s t s  of t h e  e igenvalues  h ( j  = 1, 2 ,  3 ,  ... ) ;  
r o o t s  of t h e  c h a r a c t e r i s t i c  equat ion  j 

The e igenvalues  of t h e  ope ra to r  -A* s a t i s f y  t h e  r e l a t i o n s h i p  = -Lo, 
(0 = 1, 2, ...). 

L e t  u s  set up a scalar product of two vec to r s :  

Direct computation e s t a b l i s h e s  t h e  v a l i d i t y  of t he  i d e n t i t y  

f o r  any elements  x(9) and ~ ( 9 ) .  
5 



Thus it  fol lows t h a t  f o r  any s o l u t i o n  of system (2.4)  which i s  I 1 7 4  
continued toward i n c r e a s i n g  time t ,  t h e  expres s ion  

(x(61, J ( t + W )  = c ' ;  (2.10) 

w i l l  b e  t h e  f i r s t  i n t e g r a l  i n  system (2 .3) .  
t h e  theo ry  of o rd ina ry  l i n e a r  d i f f e r e n t i a l  equat ions w i t h  cons t an t  c o e f f i c i e n t s .  

So h e r e  we have an analogy w i t h  

There i s  an i n t e g e r  such t h a t  t h e  m u l t i p l i c i t y  of any r o o t  of c h a r a c t e r -  
i s t i c  equat ion ( 2 . 7 )  i s  less than  no. Let A. be t h e  r o o t  of c h a r a c t e r i s t i c  
equa t ion  ( 2 . 7 ) .  Then t h e  equat ions J 

( A  - A ~ z ) " s ~  (el."= 0, (- A' - hjl)"og (6) = 0 ( 2 . 1 1 )  
\ 

(where I i s  t h e  i d e n t i t y  element,  I x (8) = x (8)) have an equa l  number of 
l i n e a r  independent n o n t r i v i a l  s o l u t i o n s - - t h e  r o o t  elements x (8) of ope ra to r  A 

and t h e  r o o t  elements y (8) of ope ra to r  -A*. The s o l u t i o n s  of equat ions ( 2 . 1 1 )  

a t  no = 1 are c a l l e d  c h a r a c t e r i s t i c  elements,  wh i l e  a l l  o t h e r  r o o t  elements a r e  

c a l l e d  a d j o i n t  elements.  
r o o t s  hly ..., X 

j 

j 

Let t h e  s e t  of r o o t  elements of o p e r a t o r  A f o r  t h e  
be x1 (9), ..., x n n (8) and l e t  t h e  set  of r o o t  elements f o r  

I t h e  o p e r a t o r  -A* corresponding t o  t h e s e  r o o t s  be y1 (a), ... Y Yn (8). It may 

be shown t h a t  t h e s e  elements may always b e  s e l e c t e d  so t h a t  t h e  cond i t ions  are 
f u l f i l l e d .  

I f  x (9) i s  a c h a r a c t e r i s t i c  element of ope ra to r  A w i t h  no corresponding 
j 

a d j o i n t  elements , t hen  w e  have t h e  cond i t ions  

( 2 . 1 2 )  

(9) make up a Jordan form j + m  I f  t h e  elements x (8), x j  + (a), ..., x 
j 

(8) a r e  a d j o i n t  y x j  + m  (xj (a) i s  a c h a r a c t e r i s t i c .  element and x j + 1 ($1, - . -  
elements)  t hen  t h e  conjugate  ope ra to r  has a corresponding Jordan form y (9), j 

and 

(2.13) 

i ( 2 . 1 4 )  

(m+k (e), yo (.it.)) + 0 (a'< i, 6 > i + In); \ . -  
'. i 1'6 , I 

& % , ' ( A - A ] l ) x j ( e )  = 0 .. 
( A  - A,l)x,tk (6) = xjtk-l (6) (k = 1, . . ., m). 1 

L e t  u s  assume t h a t  hly ..., a r e  a l l  r o o t s  of t h e  c h a r a c t e r i s t i c  equa- n '* 
t i o n  ( 2 . 7 )  s a t i s f y i n g  t h e  c o n d i t i o n  R e  h s -a ,  ( j  = 1, ..., N) where Cy i s  

6 
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some p o s i t i v e  number. Here A .  i s  taken  as  many t i m e s  as i t s  m u l t i p l i c i t y .  L e t  

u s  w r i t e  N = N(a) f u n c t i o n a l s  

J 

The cond i t ions  
. $  

f j ( X ( l 9 ) )  = 0, ( j  = 1,. 1 ., N) ' 

(2.15) 

(2.16) 

de te rmine  t h e  subspace n(a )  i n  t h e  space C [ -T,O] .  An a r b i t r a r y  element x(9) of 
I175 the space C ~ - T , O ]  may be represented  i n  the form - 

where 

(2.17) 

(2.18) 

i f  case (2.12) t a k e s  p l ace ,  and 

i f  case (2.13) t a k e s  p l ace .  

(2.3) has t h e  form 

(2.20) 

. 
(2.21) 

Azt (e), Zt (a) EJI (k).  \, 
d q  (6) -= 

Lit 

The spectrum of o p e r a t o r  A onJl(a)  c o n s i s t s  of t h e  e igenvalues  A,(, = N + 1, ...) 
w i t h  t h e  excep t ion  of t h e  f i r s t  N: X1' " . ?  5. 

7 



. 
3 .  The Theory of Linear P e r i o d i c  Systems w i t h  A f t e r e f f e c t .  

L e t  u s  cons ide r  systems whose motion i s  d e s c r i b e d  by d i f f e r e n t i a l  equa- 
t i o n s  w i t h  p e r i o d i c  c o e f f i c i e n t s  and a f t e r e f f e c t  of t h e  form 

where 
\ (s = 1 , .  . ., n), 

\ , 

( t )  X] 10) "T ' , 
(3 1) 

"I  K - +  *a 

4 1  -7 

+ z: Bosi(t)xl ( - 7 0 )  + 5 f S l ( t ,  WE}, (s = 1, . . ., n). 

Here p s j ,  q o , s j  are p e r i o d i c  and continuous f u n c t i o n s  of t i m e  t of per iod w, 
t h e  f u n c t i o n s  f s j ( t ,  5 )  are  continuous with r e s p e c t  t o  t and 5 i n  t h e  r e g i o n  

- T 5 5 I 0, - 
T 5 T - 3a i s  t h e  de l ay  i n  t h e  system. 

< t < + a, w i t h  r e spec t  t o  t they  are  p e r i o d i c  wi th  per iod w, 

0 

Systems of t h i s  type were considered i n  r e f e r e n c e s  13, 14, 15, 16 and 17 .  
I n  t h e  space of continuous f u n c t i o n s  C [-T, O] wi th  t h e  previously given norm 
of 11 x (9) 11, equa t ions  (3.1) have an equ iva len t  system of o rd ina ry  d i f f e r e n -  
t i a l  e q u a t i o n s  w i t h  an  o p e r a t i o n a l  r ight-hand member of t h e  form 

/ 176 o p e r a t o r  P ( t )  i s  - 

L e t  x (xo (a), to, t)  be a s o l u t i o n  f o r  system (3.1) wi th  t h e  i n i t i a l  

f u n c t i o n  xo(9) a t  t h e  moment of t i m e  t o ,  x (XO (a), t o ,  t o  + 8) = xo (9). 

t h e n  xt (9) = x (xo (9), to, t + 9j, - T 5 9 5 0 determines t h e  s v i u i i u i i  

of system ( 3 . 2 )  w i t h  i n i t i a l  f u n c t i o n  xo(8) .  

X t ( o )  of t h i s  s o l u t i o n  may be considered as t h e  image of t h e  i n i t i a l  e le-  

When t i s  f i x e d ,  element 

m e n t  xo(8) f o r  t h e  mapping 

xt (e) = T (t ,  t o )  xo (e),\ 
where T ( t ,  to) is  a l i n e a r  o p e r a t o r ,  T ( t 0 ,  t o )  = I .  

It i s  shown t h a t  t h e  eigenvalues  of t h e  completely continuous o p e r a t o r  
T ( t o  + w, to) are  independent of to. 

T ( t o  + W, to) determines t h e  s t a b i l i t y  o r  i n s t a b i l i t y  of motion x = 0. 

8 
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i s  g r e a t e r  t h a n  one, t hen  t h e  motion x = 0 of system ( 3 . 1 )  i s  uns t ab le .  

i s  less than  one, t hen  t h e  motion x = 0 i s  a sympto t i ca l ly  s t a b l e .  An a n a l y t i c a l  
form of t h e  c h a r a c t e r i s t i c  and a d j o i n t  elements of t h e  o p e r a t o r  i s  der ived.  The 
p a r t i a l  s o l u t i o n s  of ( 3 . 1 )  corresponding t o  these  elements are continuous over  
t h e  e n t i r e  t i m e  a x i s  and have t h e  same a n a l y t i c a l  form. For i n s t a n c e  t h e  eigen-  
v e c t o r  x,(8) corresponding t o  t h e  eigenvalue po has t h e  form 

I f  r t  

xa(6) = p p D a ( 6 ) ,  ' --<@<O,'; ( 3 . 5 )  

where Q, (9) i s  a p e r i o d i c  v e c t o r  of per iod w when t h e  parameter 8 i s  v a r i e d  

over t h e  range (- my + m). Qu (9) have d e r i v a t i v e s  w i t h  r e s p e c t  t o  9 of any 

a r b i t r a r i l y  high o r d e r .  

Let us  consider  a conjugate  system of d i f f e r e n t i a l  equat ions w i t h  a l e a d  
i n  t i m e  ( r e f s .  16 and 17) 

F: (f, ~1 (t + 61, - - Yn (f + a)), (S = 1, * n), dY, to -=- 
dt 

where 

I 

Here p ,  q and f are  t h e  same'as i n  ( 3 . 1 ) .  
equa t ions  ( 3 . 6 )  have an equ iva len t  system of l i n e a r  o rd ina ry  d i f f e r e n t i a l  equa- 
t i o n s  w i t h  an o p e r a t i o n a l  r ight-hand member of t h e  form ( r e f .  16) 

I n  t h e  f u n c t i b n a l - s p a c e  C [ -T,  01 

( 3 . 7 )  

where 

L e t  us  u s e  the symbol y (yo (9), to,  t )  t o  d e s i g n a t e  t h e  s o l u t i o n  f o r  system 

( 3 . 6 )  w i t h  i n i t i a l  f u n c t i o n  yo (9), T 5. 9 2 0 a t  t h e  moment of t i m e  t o  when 

t 5 t o .  

( 3 . 7 ) .  

Then yt (8) = y (yo (8), t o ,  t + 9), T 2 9 2 0, i s  a s o l u t i o n  of system 

When t i s  f i x e d ,  element y t (9 )  of t h i s  s o l u t i o n  may be considered as t h e  

image of element yo($) f o r  t h e  mapping 

9 



It i s  f o u n d - t h a t  t h e  eigenvalues  of ope ra to r  T" ( t o  - w, t o )  are independent of 

t o  and c o i n c i d e  wi th  t h e  eigenvalues  of ope ra to r  T ( to  + w, t o ) .  The s t r u c t u r e  

of t h e  e igenvec to r s  and a d j o i n t  v e c t o r s  of ope ra to r  T" ( t o  - w, t o )  co inc ides  

wi th  t h a t  of analogous v e c t o r s  f o r  t h e  ope ra to r  T ( t o  + w, t o ) .  The p a r t i a l  

s o l u t i o n s  corresponding t o  t h e s e  elements are  continuous not only i n  t h e  d i r e c -  
t i o n  t < to but  a l s o  when t > t o .  

For any p a r t i a l  s o l u t i o n  yt(8)  of system ( 3 . 9 )  which i s  continuous i n  t h e  d i -  

r e c t i o n  t 2 to, t h e  expres s ion  

(3.10) 

w i l l  b e  t h e  f i r s t  i n t e g r a l  of system (3 .2 ) .  

L e t  us assume t h a t  a l l  e igenvalues  p s a t i s f y i n g  t h e  cond i t ion  1p. I 2 8 
j J 

(where E i s  an  a r b i t r a r y  number) a r e  simple and t h a t  t h e  number of t h e s e  eigen-  
v a l u e s  i s  N ( G ) .  
L e t  us c o n s t r u c t  t h e  e igenvec to r s  xj (9), y j  (81, ( j  = 1,. . . ,N(€)) of o p e r a t o r s  

T ( t o  + w, t o ) ,  T" ( t o  - w, to). 

p j ;  t h e n  w e  f u l f i l l  t h e  c o n d i t i o n  

The more g e n e r a l  ca se  is  t r e a t e d  i n  a s imi la r  manner ( ref .  16) .  

Let x j ( 8 ) ,  yj(s> correspond t o  t h e  eigenvalue 

(3.11) 

10 



L e t  @(8) and &)(a) be p a r t i a l  s o l u t i o n s  of systems (3 .1)  and ( 3 . 9 )  w i t h  i n i -  

t i a l  func t ions  (when t = t o )  x j ( 8 )  and y j ( 9 )  r e s p e c t i v e l y .  

space C [- T,O] may b e  uniquely r ep resen ted  i n  t h e  form of t h e  sum 

Any element x(0) of 

where 
/=1 

.,L. , 

( 3 . 1 2 )  

Thus it  i s  always p o s s i b l e  t o  pass  from a v a r i a b l e  x (9 )  i n  system ( 3 . 2 )  t o  
s c a l a r  v a r i a b l e s  al , . . . ,aN and a v a r i a b l e  z ( 8 )  belonging t o  t h e  subspace (3 .14)  

I n  t h e  g iven  v a r i a b l e s ,  system of equat ions ( 3 . 2 )  has t h e  corresponding system 
of equa t ions  I178 - 

( 3 . 1 5 )  

( 3 . 1 6 )  

I n  t h i s  r e g a r d ,  (3 .12)  may be i n t e r p r e t e d  as fo l lows .  An N-dimensional base  - t - t o  
x (t - to  + 9). p j w  ( j  = l,..., N) may always be denoted i n  t h e  space 

j 

C [- T, O] which i s  i n  p e r i o d i c  motion with pe r iod  w. 

d e s c r i b e  t h e  motion of t h e  system i n  t h e  g iven  N-dimensional subspace of t h e  
space  C [- T, 03 w i l l  correspond t o  a system of o rd ina ry  d i f f e r e n t i a l  equa t ions  
w i t h  c o n s t a n t  c o e f f i c i e n t s  ( 3 . 1 5 ) .  

belong t o  subspace ( 3 . 1 4 )  and w i l l  decrease without l i m i t  according t o  exponen t i a l  

The coord ina te s  a which 
j 

The component of motion z t (0 )  i n  (3 .12)  w i l l  

l a w  w i t h  a n  index - B  5 & log E(C 1). 
\y 

4.  
S t a b i l i t y  i n  Cr i t i ca l  Cases 

S t a b i l i t y  w i t h  Respect t o  t h e  F i r s t  Approximation and I n v e s t i g a t i o n  of 

Let us r econs ide r  system (1.1) toge the r  w i t h  t h e  s o - c a l l e d  system of t h e  
It f i r s t  approximation ( 2 . 1 )  which i s  obtained from system (1.1) when Xs E 0 .  

w a s  shown i n  r e f e r e n c e s  4 and 18 t h a t  when a l l  r o o t s  of c h a r a c t e r i s t i c  equat ion 
(2 .7)  have rea l  n e g a t i v e  p a r t s ,  undisturbed motion x = 0 of systems ( 2 . 1 )  and 
(1.1) i s  a s y m p t o t i c a l l y  s t a b l e  r e g a r d l e s s  of t h e  form of t h e  non l inea r  

11 



terms Xs i n  (1.1). 

(2.7)  has  a r ea l  p o s i t i v e  p a r t ,  undis turbed motion x = 0 of systems (2.1)  and 
(1.1) i s  s imultaneously u n s t a b l e  r ega rd le s s  of t h e  form of t h e  non l inea r  terms 
Xs ( r e f .  10) .  Thus w e  have complete analogy w i t h  o r d i n a r y  d i f f e r e n t i a l  equa t ions  

I n  t h e  case where a t  least  one of t h e  r o o t s  of equat ion 

i n  t h e  problem of s t a b i l i t y  wi th  r e spec t  t o  t h e  f i r s t  approximation f o r  t h e  
s t a t i o n a r y  system (1.1) w i t h  a f t e r e f f e c t .  
t r u e  f o r  a non l inea r  p e r i o d i c  system of t h e  (1.1) type  w i t h  a system of t h e  f i r s t  
approximation of form ( 3 . 1 ) .  The f i r s t  approximation on asymptot ic  s t a b i l i t y  
i s  de r ived  i n  r e f e r e n c e s  4 and 19. The second approximation on i n s t a b i l i t y  i s  
de r ived  i n  t h e  same way as i n  r e f e r e n c e  10 on t h e  b a s i s  of t h e  d i v i s i o n  i n d i -  
ca t ed  i n  r e f e r e n c e  16. 

We should p o i n t  out t h a t  t h i s  i s  a l s o  

A s o - c a l l e d  c r i t i c a l  ca se  occurs  when t h e  c h a r a c t e r i s t i c  equa t ion  has 
zero o r  pu re ly  imaginary r o o t s .  The c r i t i c a l  ca ses  of a s i n g l e  zero r o o t  and 
a p a i r  of pu re ly  imaginary r o o t s  f o r  s t a t i o n a r y  systems of form (1.1) are con- 
s i d e r e d  i n  r e f e r e n c e s  20. 

L e t  us  consider  s t a b i l i t y  i n  the c r i t i c a l  case of a s i n g l e  z e r o  r o o t  11 = 0 

i n  more d e t a i l .  It i s  assumed t h a t  a l l  remaining r o o t s  of equat ion (2.7) have 
r ea l  n e g a t i v e  p a r t s .  
z a t i o n  of t h e  Lyapunov method f o r  systems desc r ibed  by o rd ina ry  d i f f e r e n t i a l  equa- 
t i o n s .  
Akj(0) t o  d e s i g n a t e  t h e  c o f a c t o r  of the element s t and ing  a t  t h e  i n t e r s e c t i o n  of 

t h e  k - t h  row and t h e  j - t h  column i n  t h e  determinant  of A(0) f o r  ( 2 . 7 ) .  L e t  
Aklll (0) f 0,  y, (8) = {Afk, (0), j = l , . . . ,  n ,  T 5: 8 2 0) = cons t .  

f u n c t i o n a l  f (x (8)) = (x (9), y 1  (9)). 

The method f o r  so lv ing  the s t a b i l i t y  problem i s  a g e n e r a l i -  

I n  t h e  g iven  c a s e ,  A(0) = 0, but A'(0) # 0. L e t  us  use t h e  n o t a t i o n  

L e t  us note 

And l e t  us consider  t h e  v e c t o r  x1(8) i n  

x (.e) = x; (6) y 7% (e). (4 .2 )  /179 

Equat ion ( 2 . 3 )  assumes t h e  form 

( 4 . 3 )  
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A t  t h e  same time system ( 1 . 2 )  assumes t h e  form: 

L e t  us  cons ide r  t h e  f u n c t i o n s  

y(Y, 0) =gym+.  . .,Z(Y, 0,6) = g1(6)y*q-. . . \ ( 4 . 6 )  

L e t  m l  > m.  Then, i f  m i s  an  odd number and g < 0 ,  t h e  motion x = 0 i s  

a s y m p t o t i c a l l y  s t a b l e .  I f  m i s  an  even o r  an  odd number, but g > 0,  t h e n  t h e  
motion x = 0 i s  u n s t a b l e .  

The c o n d i t i o n  ml > m may be f u l f i l l e d  i f  w e  make the s u b s t i t u t i o n  

z (9) = z 1  + u (9, y) where u(9,  y )  i s  a s o l u t i o n  of t h e  equa t ion  

Which s a t i  
t i o n  (4.7) 
and d i f f e r  

s f i e s  t h e  c o n d i t i o n  f [u (9, y ) ]  = 0. 
has a unique s o l u t i o n  u(9,  y)  which i s  a n a l y t i c  w i t h  r e s p e c t  t o  y 

e n t i a b l e  w i t h  r e s p e c t  t o  8.  

I n  p l ane  f Lx (9)] = 0, equa- 

A conversion of t h i s  t ype  always ensures t h e  c o n d i t i o n  m l  > m provided 

t h i s  i s  n o t  t h e  s p e c i a l  ca se  where Y (y, u (9, y ) ,  9) E 0. I n  t h i s  ca se ,  t h e  
u n d i s t u r b e d  motion x = 0 i s  s t a b l e  ( r e f .  20). 
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n O 3 T O M Y  CUCTeMe Y p a B H e H U f i  (1.1) B (t)YHKUUOHanbHOM n p 0 C T p a H C T B e  6YAm 
COOTBeTCTBOBaTb 3 K B U B a J i e H T H a R  CUCTeMa (06blKHOBeHHbIX AU@@peHUHaJIbHbIX 
y p a B H e H n i i ,  c o n e p a T o p s o f i  n p a B o f i  9 a c T b r O  14, CTP. 1621, I81 
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--<s<o I I 

.(1.4) i 
' I  

R ( x  (6)) = { O 9  
' x k  (XI (6)~ - - -, (e)), 6 = 0. . 

I 
I 

I 

dt i-1 . I I '  4 2 (a,ixl ( t )  + b& (t - T)) (s = 1,; . ., n). . (2.2) 
dw, (4 ' -= 



! 
, 

(2.3) * 

I 
1 rAe o n e p a T o p  A o n p e A e J l e H  @OPMYJIO~~ (1.3). O n e p a T o p  A AJIR CHCTeMM (2.2) 

meeT BHA Ax (6) = {dxk @)/de  npu  - 7 < 6 < 0, ax (0) + , 6 ~  (- 7 )  
n p H  6 = 0). 
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' i l  PmOM C CHCTeMOk (2.3) PaCCMOTpHM C O n p H X e H H y l O  CHCTeMY [lo, 11, 121 . 
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ihi, .e 
c. '- 

. .  
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